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Summary 
 
     The theory of elasticity describes the state of stresses and deformations in an elastic 
solid due to external forces or temperature changes. It has solved numerous problems, 
and provides a very powerful design and analysis tool in engineering. However, single 
use of elasticity theory cannot describe the mechanical behaviors of some materials such 
as cartilages and living bones which are made of an elastic matrix containing 
interconnected fluid-infiltrated pores. The right theory for such materials is 
poroelasticity. Poroelasticity is a continuum theory which models the interaction of solid 
deformation and fluid flow in a fluid-saturated poroelastic medium. Many investigations 
on poroelasticity have been conducted on static problems. But studies on wave 
propagation in poroelastic media are not enough yet. Motivated by this, the present 
thesis proposes the localized differential quadrature method to numerically simulate 
wave propagation in a poroelastic medium. 
     First, the theory of propagation of elastic waves in fluid-saturated poroelastic media 
and the localized differential quadrature (LDQ) method are introduced. The poroelastic 
theory is briefly presented, and the governing equations of dynamic poroelasticity are 
simply presented in two-dimensional form. Differential Quadrature (DQ) method is a 
simple and highly efficient numerical technique which is characterized by 
approximating the derivatives of a function using a weighted sum of function values on 
a set of selected discrete points (grid points). However, DQ becomes more unstable if 
more grid points are used. To keep the balance between accuracy and stability, the 
localized differential quadrature (LDQ) method is proposed by applying DQ 
             
 
 
   vi
 approximation to a small neighbourhood of the grid point of interest rather than to the 
whole solution domain. Using this LDQ method, the discretization of the governing 
equations is solved together with fourth-order Runge-Kutta method. 
     Second, wave propagations in one-dimensional poroelastic media subject to different 
loadings and support conditions are investigated by use of the LDQ method. The 
numerical results are compared with the closed-form analytical solutions derived using 
the technique of Laplace transform and inverse transform, where a very good agreement 
is obtained. Also, the parametric influence is investigated for the parameters of the 
coupling of volume change between the solid and fluid phases and the circular 
frequency to get a thorough understanding of the properties of wave scattering in 
poroelastic media. In accordance with Biot’s results, an interesting phenomenon, 
“dynamic compatibility”, is numerically shown to indirectly demonstrate the capability 
and validity of the method used herein. 
     Finally, the studies on wave scattering in 2-D and 2-D holed poroelastic media are 
carried out. Since the analytical solutions to different problems subject to specified 
boundary and initial conditions are difficult to obtain, some comparative studies and 
analyses are made for wave propagation problems in holed media with different holes 
such as one square hole, two square holes and one circular hole. Numerical simulations 
effectively capture the characteristics of wave propagation. A linear interpolation 
method is presented to exemplify how to transform the boundary conditions on a 
circular hole to the neighbouring grid points in order to facilitate the numerical 
simulations. This method can be easily generalized to holes of other shapes. 
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Nomenclature 
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     Elasticity is one of important mechanical behaviors of materials. The theory of 
elasticity describes the state of stresses and deformations in an elastic solid due to 
external forces or temperature changes. The class of materials which fall within the 
category of elasticity and which are well predicted by the theory of elasticity is big. 
Examples are steel, cast iron, wood, and the like.   
     The theory of elasticity is very successful. It has solved numerous engineering 
problems and provides a very powerful design and analysis tool for manufacture, 
aerospace and defence engineering, marine industries, automobiles makes and so on. Its 
impact on engineering cannot be underestimated.  
     Even so, some materials cannot be well described by the theory of elasticity. 
Examples are rubbers, polymers, and some of biomaterils. Hence, a lot of efforts have 
been devoted to building up theories which describe the mechanical behaviors of 
materials that cannot be well described by the theory of elasticity. An example of such 
theories is visco-elasticity, which is, however, beyond the scope of the present thesis. 
Another example which we will explore further in this thesis is poroelasticity.   
     The mechanical behavior of fluid-saturated living bone is different from that of dry 
bone. The difference lies in bone fluid. Bone fluid has many functions. It transfers 
nutrients to and carries waste from the bone cells buried in the bony matrix. It changes 
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bone density and bone strength by filling in the pores or holes inside a piece of bone. It 
is well known that the mechanical behavior of bone taken from a living man and a dead 
man are tremendously different. The strength of a piece of living bone may be up to 10 
times that of a piece of dead bone.  
      Therefore, single use of elasticity theory cannot well describe the mechanical 
behaviors of some materials such as living bone. The right theory for such materials is 
poroelasticity.      
     Poroelasticity is a continuum theory for the analysis of a porous medium made of an 
elastic matrix containing interconnected fluid-saturated pores. It models the interaction 
of solid deformation and fluid flow. The deformation of the solid matrix influences the 
flow of the inside fluid and vice versa.  
     Poroelastic medium is different from pure porous material. In the former, both fluid 
and solid are present while in the latter only elastic solid is present. Figure 1.1 shows an 
example of a poroelastic medium. When a poroelastic material is subjected to stress, the 
resulting solid matrix deformation leads to volumetric changes in the pores. Since the 
pores are fluid-filled, the presence of the fluid not only act as a stiffener of the material, 
but also results in the flow of the pore fluid between regions of higher and lower pore 
pressure. As for the interaction of fluid and solid phases of a fluid-saturated poroelastic 
material, only elasticity theory can not handle. 
     The poroelastic theory was first proposed as a soil consolidation model to study the 
settlement of structures placed on fluid-saturated soils. Later the theory was extended to 
geotechnical problems beyond soil consolidation, most notably problems in rock 
mechanics. Recently, poroelasticity has also been extensively used in studying the 
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biomaterials along with the development of bioscience. Details of the historical 
development of the theory can be found in De Boer (1996). 
     Many studies have been conducted on static poroelasticity (see the literature review 
in the following section). But studies on wave propagation in poroelastic media are not 
enough yet. Wave propagation in poroelastic media has wide applications.  A lot of our 
knowledge about the inner structure of the earth comes from seismic waves. Careful 
analysis of the profiles of the seismic waves leads geography scientists to plot the 
density variations and compositions of the earth. In medicine, by detecting the changes 
of the profiles of the waves in bone, doctors may locate the deep-seated tumors.  
     Fluid-solid interaction is not a new topic. It covers a wide range of applications such 
as ship vibration, underwater pipeline, vortex-induced vibration etc. In this applications, 
however, fluid and solid are well separated. The fluid-solid interaction in the 
poroelasticity is characterized by their well-mixed state from the macroscopic viewpoint. 
In a poroelastic medium, fluid and solid cannot be clearly separated. So we need a 
different theory. This is the starting point of poroelasticity.  
     The theory of poroelasticity mixes fluid mechanics and solid dynamics. It is hard to 
obtain analytical solutions in most cases. This amounts to the fact that poroelastic theory 
was available long time ago, but its progress is very slow because it is hard to find the 
solutions to the equations. Among numerical methods, finite element method (FEM) is 
most frequently employed. When we apply FEM to wave propagation in a poroelastic 
medium, however, we encounter the following inconveniences. First, in a poroelastic 
medium, fluid and solid are mixed up. It is not easy to find the suitable variational 
principle based on which FEM is constructed. It is much easier to start direct 
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descritization from the governing differential equations.  Second, numerical simulation 
of wave propagation always requires a high-precision scheme. Based on such 
consideration, we propose a localized differential quadrature method to numerically 
simulate wave propagation in a poroelastic medium.   
 
1.2 Literature review 
          The origin of the theory of poroelasticity can be traced back to the late eighteenth 
century when it was called porous media theory. First contributions to the theory of 
porous media were made by Woltman (1794). He independently developed a 
sophisticated earth pressure theory, and surprisingly in another context introduced the 
concept of volume fractions. In the nineteenth century, further important contributions 
were published by Delesse (1848), Fick (1855), Darcy (1856), and Stefan (1871, 1872a, 
b) on the concept of surface fractions, the diffusion problem, ground-water flow, and the 
mixture theory, which are essential parts of the theory of porous media. In the twentieth 
century, the scientific discussion on porous media theories was opened by Fillunger 
(1913) in a paper about the uplift problem in saturated rigid porous solids. In subsequent 
articles (Fillunger, 1914, 1929, 1930, 1935), he investigated the phenomena of friction 
and capillarity and discovered the effect of effective stresses. In 1923, von Terzaghi, 
founder of modern soil mechanics, started his investigations on saturated deformable 
porous solids within the framework of the calculation of the permeability coefficient of 
clay. In 1936, Fillunger founded the concept of the mechanical theory of liquid-
saturated deformable porous solids. The works of von Terzaghi and Fillunger were 
continued by Biot (1935, 1941), Heinrich (Heinrich, 1938; Heinrich and Desoyer, 1955, 
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1956) and Frenkel (1944) in the next decades. Details of the historical development of 
the porous media theory can be found in De Boer (1996). Today, two important 
directions of the macroscopic porous media theory are commonly acknowledged. The 
first one is based on investigations by Biot which is usually called Biot’s theory, and the 
second one proceeds from the mixture theory, restricted by the concept of volume 
fractions (porous media theory). In this thesis, Biot’s theory is adopted for the 
investigations. 
     The theory of propagation of elastic waves in a fluid-saturated porous medium was 
first established by Biot (Biot, 1941a, 1955, 1956a, b; Biot and Willis, 1957) to deal 
with soil consolidation (quasi-static) and wave propagation (dynamic) problems in 
geomechancis. Besides its wide application in soil consolidation and rock mechanics 
(McNamee and Gibson, 1960; Biot, 1962, 1964; Gibson et al., 1970; Chiarella and 
Booker, 1975; Nazarian and Hadjian, 1979; Booker and Carter, 1986; Vgenopoulou and 
Beskos, 1992; Cheng et al., 1993; Bardet, 1995; Berryman and Wang, 1995; Japon et al., 
1997; Theodorakopoulos et al., 2001a, b; Theodorakopoulos, 2003), the theory has also 
been used in biological tissue mechanics to solve soft tissue deformation such as arterial 
tissue (Kenyon, 1979; Jayaraman, 1983; Klanchar and Tarbell, 1987); cartilage (Lai and 
Mow, 1980; Armstrong et al., 1984; Mak et al., 1987; Spilker et al., 1992; Ateshian et 
al., 1994; Ateshian and Wang, 1995; Li et al., 1999; Laasanen et al., 2003); skin 
(Oomens et al., 1987; Wu et al., 2003); heart tissue (Huyghe et al., 1991; Yang and 
Taber, 1991; Yang et al., 1994) and industrial filtration (Barry et al., 1997a, b; Mercer 
and Barry, 1999; Barry and Holmes, 2001). 
          Due to its fundamental importance to several aforementioned disciplines, the  
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study of wave propagation in poroelastic media has captured the interest of many 
 researchers who have made investigations based on Biot’s theory. Early study of wave 
scattering using Biot’s equations was done by Jones (1961) and Deresiewicz and Rice 
(1962), who studied the propagation of free surface waves in a saturated poroelastic 
halfspace while Paul (1976a, b) and Philippacopoulos (1988) considered transient waves. 
Stoll and Bryan (1970), and Norris (1989) characterized wave attenuation mechanisms 
in a poroelastic medium and demonstrated how these effects might be incorporated into 
the Biot model. Hamilton (1976) investigated depth dependence of wave attenuation in 
seafloor sediment. Stoll and Kan (1981) provided solutions to the problem of wave 
scatter at a water-sediment interface. Berryman (1985) treated the case of scatter of an 
incident fast compression wave by a material inhomogeneity of spherical shape. The 
Green’s functions for poroelastic full plane (or full space) were presented by Bonnet 
(1987), Manolis and Beskos (1989), Cheng et al. (1991) and Dominguez (1991). The 
vibrations due to time-harmonic loads acting on the surface and at a finite depth below 
the surface of a poroelastic half space were considered by Halpern and Christiano 
(1986), Philippacopoulos (1988) and Senjuntichai and Rajapakse (1994). Rajapakse and 
Senjuntichai (1993) obtained the fundamental solutions for a poroelastic half-space 
under applied a static patch load and concentrated load using Laplace-Hankel integral 
transforms. Zimmerman and Stern (1994) obtained several analytical solutions for some 
basic problems of harmonic wave propagation in a poroelastic medium. Schanz and 
Cheng (2000) offered some solutions of wave propagation in a column due to transient 
loading cases such as impact and step loadings. Kumar and Hundal (2003) applied the 
method of characteristics to study the propagation of plane, cylindrical and spherical 
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 waves in a fluid-saturated incompressible porous medium. 
     Based on Biot’s theory, most of the investigations on wave propagations in 
poroelastic media have generally adopted either analytical methods or finite element 
schemes. A number of investigators have succeeded in obtaining analytical solutions to 
the Biot theory via classical mathematical analyses. However, due to the fact that the 
consideration of viscous coupling and inertia effects presents formidable difficulties in 
the solution process, existing studies on dynamic problems have been concerned mainly 
with viscous dissipation being neglected. Among them, Biot himself provided the 
earliest solutions to his equations (Biot, 1941a, b; Biot and Clingan, 1941, 1942). Few 
ingenious analytical solutions were those contributed by McNamee and Gibson (1960), 
Rice and Cleary (1976) and Mei and Fonda (1981). Other later investigations were those 
by Gibson and McNamee (1963), Gibson et al. (1970), Booker (1974), Garg et al. 
(1974), Jayaraman (1983), Simon et al. (1984), Booker and Carter (1986), Halpern and 
Christiano (1986), Mak et al. (1987), Zimmerman and Stern (1994), Ateshian and Wang 
(1995), Senjuntichai T. and Rajapakse R.K.N.D. (1995), Barry et al. (1997a) and Schanz 
and Cheng (2000). On the other hand the partial list of authors, who have treated the 
subject of the characteristics of the wave in poroelastic media, includes Geertsman and 
Smit (1961), Hardin (1961), Jones (1961), Ishihara (1967), Hsieh and Yew (1973), 
Yamamoto et al. (1978), Lee et al. (2002), Liu et al. (2002) and Kumar and Hundal 
(2003). 
     Although analytical methods have been utilized in dynamic problems of 
poroelasticity by many investigators, most of their investigations are applied only to 
problems with certain geometry and material properties as well as specific combinations 
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of the physical boundary conditions. In order to consider general complicated cases, 
advanced computer methods are required. As the dominant numerical method behind 
computational mechanics, Finite Element Method (FEM) has found its wide 
applications to the time-dependent problems in poroelasticity. The typical work of 
application of finite element methods and investigation of the corresponding variational 
principles is due to Sandhu and Wilson (1969), Christian and Boehmer (1970), Hwang 
et al. (1971), Ghaboussi and Wilson (1972, 1973), Zeinkiewicz et al. (1977), Ghaboussi 
and Dikman (1978), Zeinkiewicz (1980), Prevost (1982) and Zeinkiewicz and Shiomi 
(1984). Recent work reported in the literature includes Huang et al. (1990), Atkinson 
and Appleby (1994), Gajo et al. (1994), Laible et al. (1994), Appleby and Atkinson 
(1995), Goransson (1995), Kang and Bolton (1995), Cui et al. (1996), Panneton and 
Atalla (1997), Atalla et al. (1998), Sgard et al. (2000) and Song and Bolton (2003). 
Recent studies have often focused on cases which can include very general material 
models or applications to specific engineering problems. For instance, the dual 
variational principles proposed by Appleby and Atkinson (Atkinson and Appleby, 1994; 
Appleby and Atkinson, 1995) are justified for anisotropic and spatially inhomogeneous 
materials; Laible et al. (1994) coupled a three-dimensional finite element model for a 
poroelastic medium with a least squares parameter estimation method for the purpose of 
assessing material properties of soft tissue; Cui et al. (1996) developed a nonlinear 
anisotropic model to solve problems in rock mechanics as of interest in the petroleum 
industry; A displacement finite element model was derived by Panneton and Atalla 
(1997) using the Lagrangian approach together with an analogy with solid elements to 
solve the three-dimensional poroelasticity problem in acoustics. Other methods have 
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also been utilized such as boundary element method (BEM) (Dargush and Banerjee, 
1989; Badmus et al., 1993; Chen and Dargush, 1995; Chopra and Dargush, 1995; 
Dargush and Chopra, 1996), finite difference method (FDM) (Narasimhan et al., 1978; 
Dai et al., 1995; Mercer and Barry, 1999; Zhang, 1999), semi-analytical methods 
(Lysmer, 1970; Kausel and Roesset, 1981; Bougacha et al., 1993; Senjuntichai and 
Rajapakse, 1995; Degrande et al., 1998) and the spectral element method (Degrande and 
De Roech, 1992; Rizzi and Doyle, 1992; Doyle, 1997; Al-Khoury et al., 2002), to cite a 
few. 
      
1.3 Objective and scope 
     Although Finite Element Method (FEM) has been used in poroelasticity, the 
investigators are simultaneously aware of its inconvenience in the applications. For one 
thing, since FEM is a numerical tool used to transform the differential equations 
governing physical or engineering problems into a set of algebraic equations based on 
variational principle, it’s hard to find a physical meaning for the virtual work (functional) 
of fluid phase during the transformation. For another, due to the existence of the solid-
fluid coupling, there is much difficulty for FEM to build a corresponding model to 
simulate this coupling effect. Also, FEM is a low-order scheme because the first-order 
derivatives (stress in structural problems) of the unknowns (displacement in structural 
problems) are not continuous. Thus many efforts have been devoted to develop high-
order numerical schemes.  
     One of the high-order numerical methods is Differential Quadrature (DQ) Method, 
originally proposed by Bellman and his associates (1971, 1972) as a simple and highly 
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efficient technique to solve differential equations. The central idea of DQ method is to 
approximate the derivatives at a point using a weighted sum of function values at a set 
of selected grid points. As shown by Shu (2000) DQ is a global method, equivalent to 
higher-order finite difference scheme. Compared with local numerical methods such as 
finite element method or low-order finite-difference schemes, DQ can yield very 
accurate numerical results by using a considerably small number of grid points. 
     However, it was realized from the very beginning that DQ is not efficient when the 
number of grid points is large (Bellman et al., 1972; Civian and Sliepcevich, 1984). 
Later it was found that it is also sensitive to grid point distribution. Quan and Chang 
(1989a, b) numerically compared the performance of different grid point distributions, 
concluding that the grid points given by the roots of the Chebyshev polynomials of the 
first kind is optimum in all the cases studied there. Bert and Malik (1996d) found that 
the optimum distribution of grid points is problem-dependent. Moradi and Taheri (1998) 
investigated the effect of various spacing schemes on the accuracy of DQ results for 
buckling problems of composites. Recently, Shu et al. (2001) concluded from their 
systematic error analysis that the optimal grid distribution may not be given by the roots 
of orthogonal polynomials. These work leads us to the conclusion that selection of grid 
distribution has significant influence on the accuracy of DQ results, and is problem-
dependent. There have been a lot of efforts to find the optimum grid distributions for 
different problems (Wu and Liu, 1999, 2000, 2001; Chen et al., 2000; Chen, 2001; Fung, 
2001; Wu et al., 2002, 2003). There seems, however, a lack of general rule for selection 
of grid distribution yet. 
     Preferred grid distribution and small number of grid points greatly limit applications 
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of DQ. An example is wave propagation in space. A travelling wave sweeps all parts of 
space. Grid points should be uniformly distributed to correctly capture wave profiles at 
different time steps whereas a preferred grid distribution required by DQ cannot satisfy 
the accuracy requirement. Moreover, less grid points also deteriorates wave profiles as 
time increases. Inspired by this, the primary objective of this thesis is to generalize DQ 
method to handle more complicated problems of wave propagation in a fluid-saturated 
porous medium based on poroelastic theory. 
     The main works in this thesis include: 
1. The theory of propagation of elastic waves in a fluid-saturated porous medium is 
briefly introduced. Also, DQ method and its localization in one- and two-
dimension are presented. The discretization of the governing equations of 
dynamic poroelasticity is given using this proposed Localized Differential 
Quadrature (LDQ) method. Thus the governing equations can be numerically 
solved with fourth-order Runge-Kutta method for one- and two- dimensional 
wave propagation problems in poroelastic media. 
2. Wave propagations in one-dimensional poroelastic media subjected to different 
conditions are studied. The numerical results are compared with the closed-form 
analytical solutions of one-dimensional governing equations with special 
boundary and initial conditions to show its capability and accuracy in capturing 
wave propagations. An interesting phenomenon that is called “dynamic 
compatibility” by Biot is also shown as an indirect positive proof of the proposed 
method. 
3. The  wave  propagation  problems in 2-D and 2-D holed  poroelastic  media  with 
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different hole shapes are investigated. A linear interpolation method is utilized to 
impose the internal boundary conditions on the unusual boundaries to facilitate 
the numerical simulations. Numerical examples are given to analyse and compare 
the wave scattering characteristics. 
 
1.4 Outline of the thesis 
     Chapter 2 presents the theory of propagation of elastic waves in fluid-saturated 
porous media and the proposed localized differential quadrature (LDQ) method in one- 
and two-dimension. The technique to discretize the poroelastic governing equations 
using the LDQ method is described in detail. 
     Chapter 3 exploits the proposed LDQ method to solve wave propagation problems 
in one-dimensional poroelastic media. The derivation of the analytical solutions to 1-D 
problems with special boundary and initial conditions is presented in detail. The 
comparison between numerical results and analytical solutions shows very good 
agreement. 
     Chapter 4 further employs the LDQ method to study wave propagations in 2-D 
and 2-D holed poroelastic media. Linear interpolations are adopted to generalize the 
proposed method to 2-D poroelastic media with holes. The phenomena of wave 
scattering over holes in fluid-saturated porous media are comparatively and qualitatively 
analysed. 
     Chapter 5 ends the thesis by concluding remarks and recommendations for further  
studies. 
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Figure 1.1 The schematic of a fluid-saturated porous bone structure: a spongy bone. 
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Chapter 2  
An introduction: poroelastic theory and the 
localized differential quadrature method  
 
2.1 General 
     The theory of propagation of elastic waves in fluid-saturated poroelastic media was 
originally established by Biot (1956a) in a system composed of a porous solid infiltrated 
by a fluid. It was later refined and improved by several authors. In this thesis, we follow 
the basic formulations of Biot and mix it with latest developments.   
     It is assumed that the fluid is compressible and may flow relative to the solid causing 
friction to arise. The theory is only applicable to cases where the fluid is ideal, and 
therefore the thermoelastic effect is disregarded. Also, the theory includes only materials 
such that the walls of the main pores are impervious and for which the pore size is 
concentrated around its average value. Extension to more general materials was 
considered by Biot (1962b) along with the thermoelastic effect in a more complete 
theory. 
     Many researchers have made a number of investigations to the poroelastic theory by 
use of various numerical schemes. Among them, Differential Quadrature (DQ) method 
has captured the interests of some investigators due to its advantages such as high 
accuracy, rapid convergence and computational efficiency. It has been extensively 
utilized in fluid mechanics and structural mechanics. However, as described in chapter 1, 
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DQ method has its shortcomings such as preferred grid distribution and small number of 
grid points. These have greatly limited the wide applications of DQ method. In this 
chapter, a Localized Differential Quadrature (LDQ) method will be proposed to 
generalize DQ method and to handle dynamic poroelasticity. 
 
2.2 Poroelastic theory 
     In this section we will present the equations of motion and constitutive equations for 
a fluid-saturated poroelastic medium. In the equations there appear two solid 
displacement components and two fluid displacement components as primary dependent 
variables, the independent variables being time and position. Here for convenience, we 
briefly derive the governing equations in 2-D form.  
2.2.1 Basic assumptions 
     The basic assumptions used in this thesis are summarized as follows: 
1. The porous medium is assumed to be statistically isotropic and homogeneous in 
such a way that for all cross sections we always observe the same ratio of the 
fluid area to solid area. 
2. The fluid phase is ideal but compressible. 
3. Considering a unit area of the aggregate of solid and fluid as an element, the 
element is assumed to be small relative to the wavelength of the elastic waves 
and in turn the sizes of the pores is small compared to the size of the element. 
4. The deformations are small enough so that linear elasticity theory (the small 
deformation theory) may be used to solid deformation. 
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5. The governing equations are derived in the absence of dissipation. 
2.2.2 The stress-strain relations in a fluid-saturated porous solid 
     Considering an area of the solid-fluid system represented by a plane of unit size, the 
stress tensor is separated into two parts: 
1. The force components acting on the solid part of each side of the plane are 









                                                      (2.1) 









                                                         (2.2) 
The scalar χ  is proportional to the fluid pressure p  according to  
pφχ −=                                                         (2.3) 





























where xu , yu  are the components of the displacement vector of the solid. 2211 εεε +=  
denotes the dilation of the solid. In a similar way the strain in the fluid is defined by the 
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∂=                                                    (2.5) 
where xw , yw  are the components of the displacement vector of the fluid. Thus, the 
potential energy G  per unit area of aggregate of solid and fluid is given by (Biot, 1956a) 
121222221111 22 εσεσεσ ++=G                                       (2.6) 











εσεσεσ 121222221111 ，，                                  (2.7) 
These relations are very much simplified if we introduce the assumption that the solid-
fluid system is statistically isotropic. In this case the principal stress and principal strain 
directions coincide. Taking into account the properties of symmetry of the material and 


















                                         (2.8) 
where 11σ  and 22σ  are the effective normal stresses in the x - and y -directions, 
respectively, and 12σ  is the shear stress. The material parameters in Eq. (2.8) are defined 
as: A  and N  correspond to the familiar Lamé coefficients in the theory of elasticity. N  
represents the shear modulus of the material. The coefficient R  is a measure of the 
pressure required on the fluid to force a certain volume of the fluid into the aggregate 
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while the total volume remains constant and Q  is of the nature of a coupling between 
the volume change of the solid and that of the fluid. Details of the parameters 
identification and experimental determination can be found in Biot and Willis (1957). 
2.2.3 Dynamic relations in the absence of dissipation 
     In this section the relation between stresses and acceleration will be derived in the 
absence of dissipative forces. Again we consider a unit plane of the aggregate as an 
























































uK yxyyxxyx ρρρ  
(2.9) 
This expression is based on the assumption that the material is statistically isotropic. 
Hence the directions yx,  are equivalent and uncoupled dynamically. The density 
coefficients 221211 ρρρ ，，  represent the total effective mass of solid moving in the fluid 














                                             (2.10) 
where as ρρ ,  are the mass densities for the solid and fluid, and aρ  is the additional 
coupling density. 221211 2 ρρρρ ++=  represents the total mass density of the fluid- 
solid aggregate. 
     To discuss the significance of Eq. (2.9) we may, without loss of generality, consider 
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 a motion restricted to the x -direction. If we denote by xq  the total force acting on the 
solid per unit area in the x -direction and by xQ , the total force on the fluid per unit area, 
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                                               (2.12) 






















                               (2.13) 
The general form of the equations of dynamic relations in a 2-D poroelastic medium in 





















         2,1, =ji                            (2.14) 
where ijσ  is the tensor of the stresses acting on the solid phase of the material. iu  and 
iw  are the components of the displacement vectors of solid and fluid phases, 
respectively (for convenience, in some cases yx uu ,  and yx ww ,  are used instead of iu  
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and iw  ( 2,1=i )). Note that fluid does not have displacement. Here, fluid displacement 
iw  is defined in such a way that the gradient of iw  is fluid velocity vector. In Eq. (2.14), 
the spatial derivative with respect to the coordinate ix is denoted by .)( , i  
2.2.4 The governing equations of propagation of purely elastic waves 
     The governing equations for wave propagation are obtained by substituting 
expressions (2.8) for the stresses into the dynamic relations (2.13). We obtain for the x -
direction 





























                    (2.15) 
and the other similar equations for the direction .y  With the vector notations  
u = ( xu , yu ),  w = ( xw , yw ) 




∂ ( 11ρ u + 12ρ w ) = 2∇N u + ])[( QeNA ++∇ ε                       (2.16a) 
                                   2
2
t∂
∂ ( 12ρ u + 22ρ w ) = ][ eRQ +ε∇                                 (2.16b) 
 
2.3 DQ and its localizations in one- and two-dimension 
     First in this section, an illustrative example is given to obtain some 
phenomenological observations. A simplified stability analysis is then introduced to 
explain the observations. From the stability analysis, we conclude that in spite of high 
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accuracy, DQ becomes more unstable if more grid points are used. To keep balance 
between accuracy and stability, a localized differential quadrature (LDQ) method is 
proposed. It is characterized by applying DQ approximation to a small neighbourhood 
of the grid point of interest rather than to the whole solution domain. The derivatives at 
each grid point are approximated by a weighted sum of function values on its 
neighbouring points, but not on all grid points. In doing so, we may obtain very accurate 
solution without losing stability. Based on this LDQ method, the discretization of the 
governing equations provided in the last section will be solved in the following section 
using fourth-order Runge-Kutta method. 
2.3.1 DQ and its spatial discretization of the wave equation 
     Differential quadrature is characterized by approximating the derivatives of a 
function using a weighted sum of function values on a set of selected discrete points 
(grid points). The weighting coefficients are dependent on the spatial grid spacing only. 
It is assumed that on axis x  are distributed the following N grid points 
                                                1x < 2x <…< Nx                                                   (2.17) 
and the values of the function ),( txf at any time t  on the above grid points are given 
                                   ),(...,),,(),,( 21 txftxftxf N                                         (2.18) 
Then the DQ discretization of the first- and second-order partial derivatives with respect 
to x  are given by the following equations  












 Ni ...,,2,1=                              (2.19a)                          
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 Ni ...,,2,1=                              (2.19b) 
where ija  and ijb  are the weighting coefficients for the first- and second-order 
derivatives with respect to x , respectively. The derivatives are only dependent on the 
function values on grid points. 
     Based on Quan and Chang (1989a), the explicit formulas for the weighting 
coefficients are 




















a  ,...,,1, Nji =  ji ≠                       (2.20a) 








ijii aa Ni ...,,1=                                        (2.20b) 
The weighting coefficients for the second-order derivative are 





aab −−=  ,,...,1, Nji =  ji ≠                          (2.20c) 








ijii bb  Ni ,...,1=                                        (2.20d) 
It was shown by Quan and Chang (1989a) that DQ is equivalent to Lagrange polynomial  
interpolation. If N  grid points are used, the interpolating polynomial is a ( )1−N -th 
order one. Using this idea, Shu et al. (2001) obtained the approximation errors for the 
 first-order derivative ( )1R  and the second-order derivative ( )2R  
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1 == ξ                            (2.21a) 









2 == ξ                            (2.21b) 
where ( ) ( )∏ = −= Nj jxxxW 1 . These residual estimates show that very high accuracy can 
be obtained if the number of grid points N  is large. Accuracy is proportional to N  or 
its powers. By ‘its powers’ we mean here that accuracy may also be proportional to 
squared or cubic ，N  or even higher order term of .N  
     But too large N  may lead to instability as shown by the following example. 
     Consider the vibration of a string of unit length clamped at both ends. The governing 











u                                       (2.22a) 
subject to the boundary and initial conditions 
( ) ( ) ( ) ( ) ( ) 00,,2sin0,,0,1,0 0 =∂
∂===
t
xuxuxututu π               (2.22b) 
where ( )txu ,  is the transverse displacement of the string. 0u  is the amplitude of the 
initial displacement. In Eq. (2.22b), the first two relations are the fixed boundary 
condition and the last two relations state the initial condition. The solution to Eq. (2.22) 
is given by the D’Alembert integral, being of the form 
( ) ( ) ( ) 10,2cos2sin, 0 ≤≤= xtxutxu ππ                           (2.23) 
Now we use DQ to solve Eq. (2.22). Suppose ( )txu ,  is approximated by its values 
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 ( ) ( )Nitui ,...,1=  on N  distinct grid points .10 1 =<<= Nxx L  ( )tvi  denotes velocity 































                                (2.24) 
The above equation enables us to use the fourth-order Runge-Kutta method to solve. 
That is, we use DQ for spatial discretization, and Runge-Kutta method for temporal 
discretization. Taking time step 410−=∆t  and using three sets of uniform grid 
distributions, we obtain wave profiles at different time steps as shown in Figure 2.1. Fig. 
2.1 shows the string displacements at several time steps for N =10, 15 and 18, 
respectively. In the figure, the ordinate is relative displacement ( ) 0, utxu , and the 
abscissa is location x  (m). The lines denote DQ solutions while dots denote analytical 
solutions given by Eq. (2.23). 
     Figure 2.1(a) shows the displacements every 0.15 s apart. We ran the simulation until 
several seconds and went through several cycles without losing stability. The curves are 
not smooth, however. When N  increases from 10 to 15 (Figure 2.1(b)), the curves 
becomes much more smooth, but around 75.0=t s, the solution becomes unstable. At 
time step 9.0=t s, the solution is totally invalid. Figure 2.1(c) shows the displacement 
for N = 18. Before 45.0=t s, the solutions are good enough. At time 45.0=t s, the 
solution becomes unstable. From the figure we have two phenomenological 
observations. First, high accuracy requires large .N  Good stability, however, requires 
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using less grid points. Second, DQ is of high accuracy, but poor numerical stability. 
Therefore, besides error analysis as given in Eq. (2.21), we also need stability analysis. 
2.3.2 Stability analysis 
     Stability requires that the solution be not far away from the true solution if a small 
noise is present in the system. Suppose the function value ( )txf i ,  is charged by a noise 
perturbation .iε  The perturbed derivative is then given by  











, ε                                      (2.25) 











, εδ                                         (2.26) 
We restrict ourselves to simple grid distribution, that is, equidistance distribution to 



























                    (2.27) 















                                          (2.28) 
from which we see that j
N
j ji
a ε∑ = ′1  is zero if all jε s are equal based on Eq. (2.20). jε s 
are, however, not necessarily mutually equal, so j
N
j ji
a ε∑ = ′1  is generally not zero. If jε  
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is small, the deviation of the partial derivative is small, too. For dynamic problems, 
however, these small errors may accumulate with each time step. An estimate for the 
first-order derivative is then that the accumulated error at each time is proportional to 
,tN∆  where t∆  is time step. Similar arguments lead us to the conclusions that the 
accumulated error at each time step for the second-order derivative is proportional to 
( ) .2tN∆  
     If large N  is used, time step must be small so as to keep the errors within 
controllable range. This is exemplified by Fig. 2.1, in which t∆  is kept fixed. The case 
for N  = 18 becomes unstable faster than N =15. High order DQ discretization becomes 
unstable faster than lower-order DQ discretization. This simple analysis and the 
numerical example lead us to the conclusion that DQ is of high accuracy, but of poor 
stability. The more grid points are used, the higher accuracy we obtain, but the poorer 
the stability is. 
     It should be noted that the above stability analysis is just illustrative rather than a 
rigorous proof. Stability of Lagrange polynomial interpolation is a complicated problem, 
and thus is omitted here. From this rude estimate, however, we conclude that accuracy 
and stability are conflicting requirement. Accuracy requires large number of grid points, 
but stability requires the opposite. If we hope to keep balance of accuracy and stability, 
we may propose that their sum is minimized, that is, 
Find N  such that →+∂
∂ 1R
x
fδ  min                               (2.29) 
Without solving the equation we know that such N  exists because accuracy is 
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 proportional to N  or its powers from Eq. (2.21), but stability is proportional to the 
reciprocal of N  from Eq. (2.28). This relation is schematically shown in Figure 2.2. In 
the figure, the abscissa is the number of grid point .N  The ordinate is either the residual 
1R  or the perturbation of the first-order derivative x
f
∂
∂δ . The residual 1R  is a 
monotonically decreasing function of N  while x
f
∂
∂δ  is a monotonically increasing 
function of .N  The minN  which minimizes Eq. (2.29) lies somewhere between the two 
extremities from advanced calculus. 
     To keep balance between these two factors, accuracy and stability, the grid number 
N  cannot be too large. It should be kept appropriately large. This analysis, which we 
will not explore further, suffices for us to propose the idea of localization of DQ. Instead 
of using the function values on all grid points to approximate the derivatives, we employ 
only a small portion of nearby grid points to approximate the derivatives. This is 
exemplified in Figure 2.3. If we want to find the derivatives at point A, we then find a 
neighbourhood of point A. The number of points in the neighbourhood is supposed to be 
fixed at ( ).Nmm <<  We use these m  points in the neighbourhood to approximate the 
derivatives at point A. Similarly to find the derivatives at point B, we first specify the 
neighbourhood of point B of size .m  The derivatives at point B are then approximated 
by the weighted sum of the points in this neighbourhood as shown in Fig. 2.3. 
     In summary, for each grid point, there is a neighbourhood around it, in which there 
are m  points. And the derivatives on that point are approximated by the sum of the 
function values on the grid points inside its neighbourhood. Stability is guaranteed if m  
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is not very large, say 5 ~ 8. Accuracy is also guaranteed by using any large .N  This 
idea leads us to the following formulations. 
2.3.3 DQ localization in one dimension 
     The first step to localize DQ method is to find the neighbourhood of a grid point of 
interest. We use 
                                      |,| liil xxr −= Nli ,...,1, =                                         (2.30) 
to denote the distance between any two points in the solution domain. Through 
comparison, we may find the permutation )(...,),2(),1( Nsss  such that 
                                           )1(isr  ≤ )2(isr  ≤ ··· ≤ )(Nisr                                            (2.31) 
This is a typical permutation problem, and it is easy to find a suitable algorithm to solve 
the problem. It is clear that the points falling in the neighbourhood of i -th point )( ix are 
the first m  points which satisfy the above equation. Denote 
                               )),(...,),2(),1(( msssSi =  Ni ,...,1=                                  (2.32) 
and then iS denotes the neighbourhood of the grid point of interest. We may rewrite DQ 
approximation in this neighbourhood in the form of  













                                        (2.33a) 
















                                     (2.33b) 
where 
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a  ,iSj∈  ij ≠                          (2.34a) 








aa                                                  (2.34b) 
For the second-order derivative, the weighting coefficients are 





aab −−=  ,,...,1, mji =  ji ≠                          (2.34c) 





ijii bb  mi ,...,1=                                         (2.34d) 
These equations are the rewritten forms of Eqs. (2.19) and (2.20) in the neighbourhood 
in one-dimension. 
2.3.4 DQ localization in two dimension 
     In this part, we generalize the above scheme to two dimensions. Suppose the two-
dimensional domain of interest is discretized by MN × regular grid points. Consider 
distance between any two points, 
                ,liil xxr −=  ,,...,1, Nli =  ,ljjl yy −=λ  Mlj ,...,1, =                  (2.35) 
Through comparison, we find the sequence )(...,),1( Nss  and )(...,),1( Mqq  such that  
                        )1(isr ≤ )2(isr ≤···≤ )(Nisr , )1(jqλ ≤ )2(jqλ ≤···≤ )(Mjqλ                            (2.36) 
Denote neighbourhood index sets as 
))(...,),2(),1(()),(...,),2(),1(( mqqqQmsssS ijij == ;  Ni ...,,1= ,  Mj ...,,1=    (2.37) 
ijS  and ijQ  determine the neighbourhood of any grid point. Then the derivatives are 
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 approximated using the points in the neighbourhood. 














                                   (2.38a) 
















                                  (2.38b) 














                                  (2.38c) 
















                                (2.38d) 
where ija  and ijb  are of same forms as in equations (2.34). 
    Because interpolation takes place only in the neighbourhood, the above scheme does 
not require the solution domain to be regular. 
 
2.4 Comparison study of string vibration with DQ localization 
    The problem of string vibration is as same as the example given by Eq. (2.22). We 
used the following parameters for the computation: neighbourhood size (grid number in 
the neighbourhood) 5=m  and the total number of grid points 40=N . Time step 
410−=∆t . Both simulation results (solid lines) and analytical solutions (dots) are shown 
in Fig. 2.4. They are in very good agreement. Recalling the example of Eq. (2.22), we 
conclude that the present method is both stable and of high accuracy. 
       
2.5 Discretization of the governing equations 
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     Consider discretization of the one-dimensional dynamic equations (2.16) 




















∂ ρρ                               (2.39a) 




















∂ ρρ                               (2.39b) 
with the definition 
                                                 NAP 2+=                                                     (2.40) 
P  relates volume change in the solid to normal stress in the solid. Solving equations 
(2.39a) and (2.39b) simultaneously for 22 tu ∂∂ and 22 tw ∂∂ implies 















∂                                         (2.41a) 















∂                                        (2.41b) 
where 
   )/()( 2122211122211 ρρρρρ −−= QPc ,  )/()( 2122211122212 ρρρρρ −−= RQc          (2.42a) 
    ),/()( 2122211121121 ρρρρρ −−= PQc   )/()( 2122211121122 ρρρρρ −−= QRc          (2.42b) 
Denote  
                             c = max { 1211 cc + , 2221 cc + }                                      (2.43) 
 and then rewrite Eq. (2.41) as 





















∂                                        (2.44a) 





















∂                                        (2.44b) 
with 
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                                                     T  = ct                                                       (2.45) 
in which T  is time measured in c . Suppose the discrete values of ),(),,( TxwTxu  on  
the grid point ix  are )(Tui , )(Twi  and their velocities are )(Tvi  and )(Tiη , 
respectively. Rewriting Eq. (2.44) in the following form 





                                                     (2.46a) 














v 1211                                  (2.46b) 




∂                                                     (2.46c) 














2221η                                  (2.46d) 
we may use Runge-Kutta method to numerically integrate it in time domain. 
    Similarly, consider discretization of the two-dimensional dynamic equations (2.16) 




























11              (2.47a) 

















12                                  (2.47b) 




























11               (2.47c) 

















12                                  (2.47d) 
Based on Eq. (2.47), by use of the similar technique in Eqs. (2.41) ~ (2.45), the 
following equations can be obtained  
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−= QRc            (2.49b) 
c = max { 131211 ccc ++ , 232221 ccc ++ }                             (2.49c)  
Suppose the discrete values of ),,(),,,(),,,( TyxwTyxuTyxu xyx  and ),,( Tyxwy  on 







η  and )(T
ijy
η , respectively. Then rewrite Eq. (2.48) in the 
following form  








                                                    (2.50a) 
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                                             (2.50f) 








                                                   (2.50g) 










































                                            (2.50h) 
Using Runge-Kutta method, this form can be solved in time domain conveniently. 
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Figure 2.1 DQ solution of the string vibration equation using 10, 15 and 18 grid points, 
respectively. Pictures courtesy of Springer-Verlag. 
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Figure 2.2 Accuracy and stability relationship with the number of grid points, and the 
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Figure 2.3 Localization of DQ approximation to a neighbourhood of the grid point of 
interest. Pictures courtesy of Springer-Verlag. 
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Figure 2.4 String vibration simulated using localized DQ approximation. Solid lines are 
the numerical results obtained every 0.3 seconds while dots are the corresponding 
analytical solutions. Pictures courtesy of Springer-Verlag. 
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Chapter 3  
The numerical study of wave propagations in 1-D 
poroelastic media by use of the LDQ method 
 
3.1 General 
     The theory of wave propagation in fluid-saturated porous media has been presented 
in chapter 2. Also, the localized differential quadrature (LDQ) method has been 
proposed to generalize DQ method. Using this LDQ method, the governing equations 
for propagation of elastic waves have been discretized in detail for one- and two-
dimensional form. This form enables us to conveniently solve the governing equations 
in time domain using the fourth-order Runge-Kutta method.  
     In this chapter, we investigate the wave propagation problems in one-dimensional 
poroelastic media. Numerical examples are used to demonstrate the validity of the 
numerical method used in this thesis by comparing the numerical results with the 
closed-form analytical solutions. Also, we give the derivation of the analytical solutions 
of the 1-D governing equations subject to the specific boundary and initial conditions 
for different problems. The interesting phenomenon of “dynamic compatibility”, which 
was first introduced by Biot (1956a) is numerically shown in this chapter. The 
influences of some parameters including the coupling between the volume change of the 
solid and that of the fluid, and the natural circular frequency are also investigated. 
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3.2 Wave propagation problems in 1-D poroelastic media 
     In this section, some numerical examples are used to demonstrate the aforementioned 
method. Material properties are listed in Table 3.1. 
 
Table 3.1 Material properties 
 
 
3.2.1 Vibration problem 
     Consider the vibration of a poroelastic string of unit length clamped at both ends 
based on governing equations (2.39) with 10 ≤≤ x . The boundary and initial conditions 
for solid are 
            ),0( tu  = ),1( tu  = 0,   )0,(xu  = 0u )sin( xπ ,   t
xu
∂
∂ )0,(  = 0                  (3.1a) 
and for fluid 
Material constants Values Units 
sρ   2000 kg/m 3   
fρ   1000 kg/m 3   
aρ  600 kg/m 3   
φ   0.1 /  
A  7102× N/m 2   
N  7103× N/m 2   
Q  
7103× N/m 2   
R  7108× N/m 2   
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           ),0( tw  = ),1( tw  = 0,  )0,(xw  = )sin(0 xw π ,  t
xw
∂
∂ )0,(  = 0                 (3.1b) 
In Eq. (2.39), ),( txu  and ),( txw  are the transverse displacements of solid and fluid 
phases. In Eqs. (3.1a) and (3.1b), the first two relations are the fixed boundary condition 
and the last two relations state the initial condition. 0u , 0w  are the amplitudes of the 
initial displacements of solid and fluid, respectively. The analytical solution to Eq. (2.39) 
subject to the boundary and initial conditions (3.1) is derived in the next section, being 






































         (3.2) 
where 






























+−−+=ϕ     (3.3b) 












cccccc +−+−=β      (3.3c) 
11c , 12c , 21c  and 22c  are defined in Eq. (2.42). We used the following parameters for the 
computation: neighbourhood size (grid number in the neighbourhood) m = 5 and the 
total number of grid points N = 41. Time step .10 4−=∆T  Figure 3.1 shows the relative 
displacements of solid ( 0/),( utxu ) and fluid ( 0/),( wtxw ) along location x . Both 
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numerical results (solid lines) and analytical solutions (diamonds) are shown. They are 
in very good agreement. Figure 3.2 shows the time history of solid and fluid phases at 
75.0=x m, also indicating the good agreement between the numerical results (solid lines) 
and analytical solutions (diamonds). 
         Figure 3.3 shows the time history of solid and fluid phases at 5.0=x m using 
different parameter Q  from that of Fig. 3.2. Here, Q  is assumed to be 7106× Pa and 
other parameters ,11ρ  ,12ρ  ,22ρ  P  and R  remain unchanged. The most striking 
feature in Fig. 3.3 is that there exist two waves both for fluid and for solid. One wave is 
primary (solid lines) and the other is low-frequency oscillation (dashed lines). The 
primary wave shows the numerical results while the low-frequency oscillation 
corresponds with the primary wave due to the coupling between solid and fluid. The 
primary waves for solid and fluid exist even if their coupling is absent. But the low-
frequency waves are clearly dependent on the strength of their coupling. As has been 
described in chapter 2, the parameter Q  couples volume change in the fluid (solid) to 
normal stress in the solid (fluid). So Q  should have strong influence on the low-
frequency oscillation. To see this, we investigated Q ’s influence on the period of the 
low-frequency oscillation as shown in Figure 3.4. The period is a monotonically 
increasing function of .Q  Strong fluid-solid coupling results in long period and weak 
coupling results in short period. 
 
3.2.2 Impact problem 
     The problem has the same governing equations (2.39) of vibration problem, but with 
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 different initial and boundary conditions. Suppose the boundary and initial conditions 
for solid are  
)sin(),0( 0 tutx
u ω=∂
∂ , ωπ /20 ≤≤ t , 0),0( =∂
∂ t
x
u , ωπ /2≥t ; 0),1( =tu         (3.4a) 




∂  = 0                                              (3.4b) 
and for fluid 
)sin(),0( 0 twtx
w ω=∂
∂ , ωπ /20 ≤≤ t , 0),0( =∂
∂ t
x
w , ωπ /2≥t ; 0),1( =tw        (3.4c) 




∂  = 0                                             (3.4d) 
with 
                                   ω  = cπ3                                                        (3.5) 
The analytical solution to Eq. (2.39) subject to the boundary and initial conditions (3.4) 
is also derived in the next section, being of the form 






















































        (3.6a) 
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      (3.6b) 
where θ , ϕ , α  and β  are expressed in equations (3.3b) and (3.3c). 
     In the numerical computations, the following parameters were used: m = 5, N = 81 
and time step T∆ = 410 − . The wave profiles of numerical results and analytical solutions 
are shown in Figure 3.5 at different time steps. From this figure, it can be seen that after 
the impact at the left end two waves are generated, the primary wave and secondary 
wave. The primary wave is for either solid or fluid itself and the secondary wave is 
generated by the coupling of solid and fluid phases. The waves propagate outwards from 
the left to the right for both solid and fluid. After hitting upon the right end, they reflect 
as negative waves and travel backwards towards the left end. The numerical results are 
in good agreement with the analytical solutions, exactly capturing the characteristics of 
wave propagation. The time history of solid and fluid at the point of 75.0=x m is 
plotted in Figure 3.6 with solid lines for numerical results and diamonds for analytical 
results. Both are in very good agreement. 
     In this impact problem, the boundary conditions are dependent on parameterω . The 
above results are obtained for ω = .3 cπ  Figure 3.7 shows the wave profiles of solid 
for smaller ,ω .cπω =  Other parameters and conditions remain unchanged. The 
Chapter 3                The numerical study of wave propagations in 1-D poroelastic media 




   45
numerical results and the analytical solutions are denoted by different notations at 
different time steps. In the numerical computations, we used the following parameters: 
m = 5, N = 51 and time step T∆ = 410 − . Compared with those in Fig. 3.5, the results in 
Fig. 3.7 show that the waves propagate outwards more slowly and the relative 
amplitudes are larger. More parametric studies give the dependence of maximum 
relative amplitudes of solid and fluid on the parameterω . The results are shown in 
Figure 3.8 with solid line denoting solid response and dashed line denoting fluid 
response. The curves exhibit typical response of a dynamic system. We note that small 
ω  denotes a slow impact process. If ω  is small enough, the impact process is in fact a 
static one. On the other hand, large ω  represents a fast impact process in which 
dynamic effect dominates. In Fig. 3.8, the maximum relative amplitudes of solid and 
fluid rise quickly as ω  increases, exhibiting more and more significant dynamic effect. 
Beyond their peaks around πω 200= , the curves drop mildly towards constant values as 
ω  further increases. 
 
3.2.3 Dynamic compatibility 
     It is interesting to note the possible existence of a wave such that u  = w , i.e., for 
which there is no relative motion between solid and fluid. This phenomenon was first 
introduced by Biot (1956a) and called a “dynamic compatibility” relation. It occurs if 
the parameters of the material satisfy the relation 
                                   
1211 ρρ +
+QP  = 
2212 ρρ +
+ RQ                                               (3.7) 
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    Consider a poroelastic string of unit length clamped at both ends governed by Eq. 
(2.39). The boundary and initial conditions are the same as Eq. (3.1). The parameters 
,11ρ  12ρ  and 22ρ  remain unchanged, but parameters ,P  Q  and R  are adjusted in such 
a way that Eq. (3.7) is satisfied. Assume 
089.6 += EP  Pa,  07.3 += EQ  Pa,  07.1 += ER  Pa   
Figure 3.9(a) shows the wave profiles of solid (solid lines) and fluid (diamonds) with 
grid point number 41=N  and time interval 2.0=∆T . Time history of solid and fluid 
phases at the point of 5.0=x m is shown in Figure 3.9(b). The waves in solid and in 
fluid are identical, there being no relative motions between them. This is an indirect 
positive proof of the method used herein. 
 
3.3 Derivation of the analytical solutions of 1-D problems 
     Based on Biot’s theory, the governing equations in one dimension are written in 
















∂                                            (3.8a) 















∂                                           (3.8b) 
where the parameters 211211 , ccc ，  and 22c  have been defined in chapter 2 as Eq. (2.42a) 
and (2.42b). We use Laplace transform method to obtain the analytical solutions. The 
Laplace transform and inverse Laplace transform with respect to time variable t  are 
denoted by 
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)(ˆ hf  = )]([ tfL  = ∫ ∞+0 )(tf e th− dt                                     (3.9) 





1 e th dh                              (3.10) 
where h  is the Laplace transform parameter. In all subsequent manipulations, a tilde (ˆ) 
denotes the Laplace transform. 
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Denote 
       uy ˆ1 = ,  wy ˆ2 = ,  dx
udy
ˆ
3 = ,  dx
wdy
ˆ
4 =                                 (3.12) 






































2231 cccchca −= , )( 2112221121232 cccchca −−=               (3.14a) 
)( 21122211
2
2141 cccchca −−= , )( 2112221121142 cccchca −=               (3.14b) 
Chapter 3                The numerical study of wave propagations in 1-D poroelastic media 

















xwxwhcxg )0,()0,()( 22           (3.14c) 
1c  and 2c  are defined in Eq. (3.3a). Equation (3.13) is a non-homogeneous system of 
linear differential equations. The solution is comprised of two parts: homogeneous and 
inhomogeneous. Based on the given material parameters, the homogeneous solution is 



































                   (3.15) 
where θ , ϕ , α  and β are defined in Eqs. (3.3b) and (3.3c). B , C , D  and E  are 
constants. 
     To find the particular solution, the method of variation of constants is used, that is, 







































          (3.16) 
where 
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h
xB hxθββαθ








−−−= ∫ )]()([)(2 1)( 21                          (3.17c) 
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                                          (3.18) 
There exist four unknown constants, B , C , D  and E . Substitute the Laplace  
transformed boundary conditions into Eq. (3.18) and solve to obtain the values. After 
obtaining the solutions in Laplace domain, by inverse Laplace transform we can achieve 
the analytical solutions in time domain. 
     For vibration problem, based on the boundary and initial conditions of Eq. (3.1), the 
solutions to Eq. (3.11) in Laplace transform domain are 









































































1 ∫ ∞+ ∞−− =−++=+            (3.20b) 
Substituting Eq. (3.20) into Eq. (3.19), the analytical solutions to this vibration problem 
can be obtained. 
         For impact problem, based on the boundary and initial conditions of Eq. (3.4), the 
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                     (3.22b) 
Substituting Eq. (3.22) into Eq. (3.21), the analytical solutions to this impact problem 
can also be obtained. 
 
3.4 Remarks 
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     The wave propagations in one-dimensional fluid-saturated poroelastic structures, 
which are subjected to various initial and boundary conditions for different problems, 
are investigated using the localized differential quadrature method effectively. The 
numerical results are compared with the derived closed-form analytical solutions, being 
 in very good agreement. It has been found that parameter Q  which couples the volume 
change of the solid and fluid has a strong influence on the period of the low-frequency 
oscillation. The period monotonously increases with this coupling parameter. When a 
poroelastic structure is subject to an impact, the responses are much relevant to the 
circular frequency .ω  The maximum amplitudes of solid and fluid quickly increases 
with parameter ω  towards their respective peaks, showing strong dynamic 
characteristics. Beyond their peaks, the amplitudes decrease slowly towards constant 
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                                                                          (a) 






























                                                                  (b) 
Figure 3.1 Wave profiles of solid (a) and fluid (b) for vibration problem. Solid lines are 
the numerical results while diamonds are the corresponding analytical solutions. 
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                                                                          (a) 
























                                                                          (b) 
Figure 3.2 Time history of solid (a) and fluid (b) at the point of x =0.75m for vibration 
problem. Solid lines are numerical results and diamonds, analytical solutions. 
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                                                                        (b) 
Figure 3.3 Time history of solid (a) and fluid (b) at the point of x =0.5m for vibration 
problem. Parameters are: 078 += EP  Pa, 076 += EQ  Pa, 078 += ER  Pa. 
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Figure 3.4 The relation between the period of low-frequency oscillation and parameter 
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                                                                           (b)    
Figure 3.5 Wave profiles of solid for impact problem at different time steps simulated 
using localized DQ approximation: (a) Numerical solution; (b) Analytical solution. 
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                                                                          (b) 
Figure 3.6 Time history of solid (a) and fluid (b) at the point of x = 0.75m for impact 
problem simulated using localized DQ approximation. 
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                                                                          (b) 
Figure 3.7 Wave profiles of solid for impact problem at different time steps with 
parameter cπω = : (a) Numerical solution; (b) Analytical solution. 
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Figure 3.8 The relations between maximum relative amplitudes of solid and fluid and 
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Node number: 41 
Time interval (∆T): 0.2 
 
                                                                         (a) 

















                                                                          (b) 
 
Figure 3.9 Wave profiles (a) and time history (b) at the centre point of solid (solid lines) 
and fluid (diamonds) for dynamic compatibility simulated using localized DQ 
approximation. Parameters are: 089.6 += EP  Pa, 073 += EQ  Pa, 071 += ER  Pa. 
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Chapter 4  
Wave propagations in 2-D and 2-D holed 
poroelastic media by use of the LDQ method 
 
4.1 General 
     In chapter 3, the wave propagation problems in 1-D fluid-saturated poroelastic media 
have been investigated in detail. The numerical results have been compared with the 
closed-form analytical solutions, where a very good agreement is obtained. Thus, the 
proposed LDQ method has been validated as a basis for the further study of 2-D 
problems.    
     In this chapter, we investigate wave propagations in 2-D and 2-D holed poroelastic 
media. Since it is very hard to obtain the analytical solutions for the 2-D wave 
propagation problems with specified boundary and initial conditions, we qualitatively 
study the characteristics of wave scattering over 2-D and 2-D holed fluid-saturated 
porous media. In the 2-D problems for poroelastic media with holes, we investigate 
several cases with different holes to fully catch the phenomena of wave propagating in a 
fluid-saturated porous material. The linear interpolation method is utilized to impose the 
internal boundary conditions on the unusual boundaries (e.g. a circular boundary) to 
facilitate the simulations. Numerical examples are shown to analyze and compare the 
properties of wave propagation. 
Chapter 4                              Wave propagations in 2-D and 2-D holed poroelastic media 




   62
4.2 Wave propagation in 2-D poroelastic media 
 
     Now we consider wave propagation in a 2-dimensional fluid-saturated medium 
governed by Eq. (2.47). Suppose ),,( tyxux , ),,( tyxu y  represent the components of the 
displacement of solid phase of a rectangular medium ( 10 ≤≤ x , 10 ≤≤ y ). The 
boundary and initial conditions are  
),,0( tyux = ),,1( tyux = ),0,( txux = ),1,( txux = 0                         (4.1a) 
),,0( tyu y = ),,1( tyu y = ),0,( txu y = ),1,( txu y = 0                         (4.1b) 
)0,,( yxux = ]})5.0()5.0[(200exp{
22
0 −+−− yxu                         (4.1c) 
)0,,( yxu y = ]})5.0()5.0[(200exp{
22
0 −+−− yxu                         (4.1d) 
Similarly, ),,( tyxwx , ),,( tyxwy denote the components of the displacement of fluid 
phase subject to the boundary and initial conditions as follows 
0),1,(),0,(),,1(),,0( ==== txwtxwtywtyw xxxx                          (4.2a) 
0),1,(),0,(),,1(),,0( ==== txwtxwtywtyw yyyy                          (4.2b) 
)0,,( yxwx = ]})5.0()5.0[(200exp{
22
0 −+−− yxw                         (4.2c) 
                   )0,,( yxwy = ]})5.0()5.0[(200exp{
22
0 −+−− yxw                         (4.2d) 
       In our simulation the parameters used are 41== MN , .10 4−=∆T  The wave 
profiles of solid and fluid obtained from present method are shown in Figure 4.1 at five 
time steps. In this figure, the vertical ordinate shows the relative displacements of solid 
( 0/),,( utyxux , 0/),,( utyxu y ) and fluid ( 0/),,( wtyxwx , 0/),,( wtyxwy ). The 
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numerical results are presented with the two horizontal axes indicating location. Our 
results correctly capture several features of wave propagation such as wave spreading, 
reflection at boundaries, wave interaction after reflection etc. Figure 4.2 shows the time 
history of solid and fluid at the point of (0.25m, 0.25m). It can be concluded from this 
figure that the components of solid displacement xu  and yu  are the same at this point, 
regardless of changing of time. So are xw  and yw , the components of fluid 
displacement. Figure 4.3 shows the time history of solid and fluid at the point of (0.75m, 
0.25m) with the same results as in Fig. 4.2. However in Figure 4.4, the time history of 
solid and fluid at the point of (0.25m, 0.5m) indicates that xu  and yu  are not equal. Nor 
are xw  and yw . 
     According to Eqs. (4.1) and (4.2), the boundary and initial conditions are 
symmetrical about the two diagonal lines of the rectangular domain in the x - y  plane: 
xy =  and 1+−= xy . So the points on the two lines, including the points of (0.25m, 
0.25m) and (0.75m, 0.25m), must have the same components of displacements in x -
direction as those in y -directions, i.e., for solid yx uu =  and fluid yx ww = . Otherwise, 
the displacement components in x - and y - directions should be different. Our 
simulations are identical to this conclusion. 
 
4.3 Wave propagation in 2-D holed poroelastic media 
4.3.1 The treatment of hole boundary conditions 
     According to DQ localization, the 2-D domain of interest is discretized by MN ×   
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regular grid points. When the boundary is rectangular, the interested domain can be 
discretized easily. However, it is difficult to impose boundary conditions on the hole 
edges when the LDQ method is applied to solve 2-D problems of wave propagation in a 
domain with circular or random-shaped holes. Here for convenience, we briefly 
introduce the treatment of internal boundary conditions with a circular hole. 
    Figure 4.5 shows the schematic of a rectangular domain. A circular hole is centered at 
the point of ( 00 , yx ) with a radius of .r  ),,(1 ji yxG  ),( 12 ji yxG −  and ),( 13 +ji yxG  are 
among the MN ×  regular grid points where 1G  is inside the hole and ,2G 3G  are 
outside the hole. 2B , 3B  are at the edge of the hole. The elastic equations for plane 










































                                           (4.3)                          
where E  is modulus of elasticity and µ , Poisson’s ratio. At point ,1G  
0=== xyyx τσσ . At point ,3G  yx σσ ,  and xyτ  can be obtained based on the proposed 


















                                           (4.4) 
the stress component 
3, Bx
σ  at the point of 3B  can be obtained. So are 3, Byσ  and .3, Bxyτ  
In Eq. (4.4), 
1,Gx
σ  and 
3,Gx
σ  are the values of stress component xσ  at the points of 1G  
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 and 3G . ,3By  1Gy  and 3Gy  are the y - coordinates at the points of ,3B 1G  and 3G , 
respectively. Thus, the normal stress nσ  and tangential stress nτ  at point 3B  can be 















                               (4.5) 
where n  is the normal direction of the circular hole edge at the point of 3B , and its 
direction cosines are ),cos( xn  and .),cos( yn  The same techniques can be applied to 
point 2B  and other points at the hole edge. By this way can internal hole boundary 
conditions be easily imposed on the random-shaped hole edges. 
 
4.3.2 Wave scattering over one square hole 
     Suppose ),,( tyxux , ),,( tyxu y  and ),,( tyxwx , ),,( tyxwy  represent the components 
of the displacements of solid and fluid phases of a rectangular domain ( 10 ≤≤ x , 
10 ≤≤ y ). There is a square hole in the centre with 625.0375.0 ≤≤ x  and 
.625.0375.0 ≤≤ y  Provided that a wave propagates from the left side ( 0=x ) to the 
fixed right side ( 1=x ) and there is no displacement in y-direction for the lower ( 0=y ) 
and upper ( 1=y ) sides, the boundary and initial conditions for solid phase are 
,)2sin(),,0( 0 tutyux π=  ,0),,0( =∂
∂
x
tyu y   0),,1(),,1( == tyutyu yx             (4.6a) 






txu xx                         (4.6b) 
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xyx µτσ  for ,625.0,375.0=x  625.0375.0 ≤≤ y  
(4.6d) 
0)0,,()0,,( == yxuyxu yx                                           (4.6e) 
where µ  is assumed to be 0.3. Similarly, the boundary and initial conditions for fluid 
are 
,)2sin(),,0( 0 twtywx π=  ,0),,0( =∂
∂
x
tywy  0),,1(),,1( == tywtyw yx             (4.7a) 






txw xx                       (4.7b) 
0,00,0 =∂∂=⇒== ywww xyyxy τ  for ,625.0,375.0=y  625.0375.0 ≤≤ x    (4.7c) 
0,00,0 =∂∂=⇒== xwww yxyxx τ  for ,625.0,375.0=x  625.0375.0 ≤≤ y     (4.7d) 
0)0,,()0,,( == yxwyxw yx                                             (4.7e) 
    In our simulation the grid distribution is uniform with .81== MN  Time step is 
410−=∆T . The numerical results are shown in Figure 4.6 for five time steps. In the 
figure, the axes are locations in x - and y -directions, while the curves in the figure are 
contours of solid and fluid at different time steps. Fig. 4.6(a) shows a sinusoidal wave 
propagates from the left side to the right side. After the wave hits the square hole as 
shown in Fig. 4.6(b), the wave front sweeps the sides of the hole without much 
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deformation since viscosity is not considered in the governing equation (2.47). However, 
a reflected wave is generated and bounced back. The incident and reflected waves meet 
somewhere behind the hole, resulting in deformed contour lines behind the hole in Fig. 
4.6(b) and (c). As the wave propagates, these interference effects result in the wave 
scattering pattern shown in Fig. 4.6(d) behind the hole, where we can see a closed curve 
right behind the hole. This closed curve grows and re-opens as it moves past the hole. In 
Fig. 4.6(e), the wave fronts, after passing the hole, meet in front of the hole. 
 
4.3.3 Wave scattering over two square holes 
     Suppose ),,( tyxux , ),,( tyxu y  and ),,( tyxwx , ),,( tyxwy  represent the components 
of the displacements of solid and fluid of a rectangular membrane ( 20 ≤≤ x , 10 ≤≤ y ). 
There are two square holes in the membrane with one for ，62.038.0 ≤≤ x  
62.038.0 ≤≤ y  and the other for ，62.138.1 ≤≤ x .62.038.0 ≤≤ y  The problem has 
similar boundary and initial conditions of wave scattering over one square hole 






tyu yy  (4.8a) 
,0),,2(),,2( == tyutyu yx  0),,2(),,2( == tywtyw yx                       (4.8b) 
,0),,( =tyxu y  ,0),,( =∂
∂
y
tyxux  ,0),,( =tyxwy  0),,( =∂
∂
y


























u yxyx µ      for ,62.1,38.1,62.0,38.0=x 62.038.0 ≤≤ y     (4.8e) 
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0,0 =∂∂= yww xy      for ,62.0,38.0=y ,62.038.0 ≤≤ x 62.138.1 ≤≤ x        (4.8f) 
0,0 =∂∂= xww yx      for ,62.1,38.1,62.0,38.0=x  62.038.0 ≤≤ y            (4.8g) 
,0)0,,()0,,( == yxuyxu yx  0)0,,()0,,( == yxwyxw yx                       (4.8h) 
     In the numerical computations, the following parameters were used: 101== MN  
and time step 410−=∆T . Figure 4.7 shows the contours of numerical results for five 
time steps. In this figure, Fig. 4.7(a) and (b) give the same contours as those of Fig. 
4.6(a) and (c). This is due to the same sinusoidal wave propagating from the left side to 
the right side with the identical initial and boundary conditions ( 10,10 ≤≤<≤ yx ). 
After the wave moves past the first square hole in Fig. 4.7(c), it continues to propagate 
towards the second square hole while in Fig. 4.6(d) and (e), the wave is reflected and 
bounced back because of the fixed right side ( 1=x ). At ,0.2=T the wave front hits the 
second square hole as shown in Fig. 4.7(d). Then, the similar phenomena will be 
represented due to the same mechanism of wave propagation as demonstrated above. At 
,6.2=T  the wave fronts meet again in front of the second square hole in Fig. 4.7(e). 
 
4.3.4 Wave scattering over one circular hole 
     In this problem, ),,( tyxux , ),,( tyxu y  and ),,( tyxwx , ),,( tyxwy  also represent the 
components of the solid and fluid displacements of a rectangular membrane ( 10 ≤≤ x , 
10 ≤≤ y ). A circular hole is located in the centre of (0.5m, 0.5m) with a radius of 
0.125m. The boundary and initial conditions are supposed to be 






tyu yy  (4.9a) 
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,0),,1(),,1( == tyutyu yx  0),,1(),,1( == tywtyw yx                     (4.9b) 
,0),,( =tyxu y  ,0),,( =∂
∂
y
tyxux  ,0),,( =tyxwy  0),,( =∂
∂
y
tyxwx   for 1,0=y     (4.9c) 








wynwxnw yxyx   at the hole edge  (4.9e) 
,0)0,,()0,,( == yxuyxu yx  0)0,,()0,,( == yxwyxw yx                      (4.9f) 
Eqs. 4.9(d) and (e) are internal boundary conditions for solid and fluid phases along the 
circular hole edge according to the techniques presented in the first part of this section. 
     We used the following parameters for the computation: grid points 80== MN  and 
time step is still .10 4−=∆T  The contours of numerical results are shown in Figure 4.8 
for three time steps. Compared with Fig. 4.6(a) ~ (e), Fig. 4.8(a) ~ (c) present the similar 
wave propagating characteristics both qualitatively and quantitatively. However, since 
the internal hole boundary conditions for respective problems are different, there 
generate some dissimilarities during wave scattering over the internal holes. These are 
also shown in Fig. 4.8. 
 
4.4 Remarks 
     The problems of wave propagation in two-dimensional fluid-saturated poroelastic 
media, which are subjected to various initial and boundary conditions for different 
problems, are effectively investigated by use of the localized differential quadrature 
method. We place a focus on the study of wave scattering in the 2-D holed media, where 
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different holes, including a square hole, two square holes and a circular hole, are 
investigated in detail. Since it is very hard to obtain the corresponding analytical 
solutions to these holed problems of 2-dimension, we qualitatively and comparatively 
analyse the characteristics of wave scattering over the foregoing different holes. We 
adopt a linear interpolation scheme to transform the boundary conditions at the edge of a 
circular hole to the gird points of the interested domain in our simulations. This 
interpolation method can be easily generalized to the investigation of 2-D poroelastic 
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Figure 4.1 Wave profiles of solid ( xu , yu ) and fluid ( xw , yw ) at different time steps 
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                                                                            (b) 
 
 
Figure 4.2 Time history of solid (a) and fluid (b) at the point of (0.25m, 0.25m) for 2-D 
problem simulated using localized DQ approximation. 
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                                                                            (b) 
 
 
Figure 4.3 Time history of solid (a) and fluid (b) at the point of (0.75m, 0.25m) for 2-D 
problem simulated using localized DQ approximation. 
Chapter 4                              Wave propagations in 2-D and 2-D holed poroelastic media 




   78



























                                                                            (a) 
 
 



























                                                                            (b) 
 
Figure 4.4 Time history of solid (a) and fluid (b) at the point of (0.25m, 0.5m) for 2-D 
problem simulated using localized DQ approximation. 
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              (a)  T = 0.4 
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      (b)  T = 0.8 
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            (c)  T = 1.2 
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           (d)  T = 1.6 
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          (e)  T = 1.8 
Figure 4.6 The contours of solid ( xu , yu ) and fluid ( xw , yw ) at different time steps (T = 
0.4, 0.8, 1.2, 1.6 and 1.8) for wave scattering over one square hole. 
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                 (b)  T = 1.2 
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               (e)  T = 2.6 
Figure 4.7 The contours of solid ( xu , yu ) and fluid ( xw , yw ) at different time steps (T = 
0.4, 1.2, 1.6, 2.0 and 2.6) for wave scattering over two square holes. 
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               (a)  T = 0.4 
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            (b)  T = 0.8 
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              (c)  T = 1.8 
Figure 4.8 The contours of solid ( xu , yu ) and fluid ( xw , yw ) at different time steps (T = 
0.4, 0.8 and 1.8) for wave scattering over one circular hole. 
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Chapter 5  
Conclusions 
 
5.1 Concluding remarks 
     Based on poroelasticity theory, wave propagations in 1-D and 2-D fluid-saturated 
poroelastic media are investigated using the Localized Differential Quadrature (LDQ) 
method in this thesis. Differential Quadrature (DQ) method is refined to improve its 
stability while maintaining high accuracy. Different problems are considered: 1-D 
vibration problem, 1-D impact problem, dynamic compatibility, wave scattering in a 2-
D poroelastic membrane, and wave propagation in 2-D holed poroelastic media with 
different holes. Through studies, the following conclusions are drawn in three aspects: 
1. Differential quadrature method generates very accurate approximations of 
derivatives, but it is sensitive to grid distributions and requires the number of grid points 
cannot be too large. A simplified stability analysis in this thesis illustrates that stability 
is proportional to the reciprocal of the number of grid points. Motivated by this, the 
localized differential quadrature method is adopted in this thesis to handle more 
complicated wave propagation problems. It is characterized by approximating the 
derivatives at a gird point using the weighted sum of the points in its neighbourhood 
rather than all the grid points. Thus, stability is enhanced, and accuracy is guaranteed by 
using any large number of grid points. Compared with traditional DQ approximations, 
this LDQ method has improved capability. However in numerical simulations, it needs  
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more CPU time on permutation and localized DQ computations. 
2. In the study of one-dimensional fluid-saturated porous media, different 
problems of wave propagation with specified boundary and initial conditions are 
effectively investigated by use of the LDQ method. To validate the capability and 
accuracy of the present method, the closed-form analytical solutions to the 
corresponding problems are derived in detail using the techniques of Laplace transform 
and inverse transform. Numerical results are compared with the analytical solutions, 
where very good agreements are obtained. The influence of parameters such as the 
coupling of volume change between fluid and solid phases and the circular frequency is 
also analysed to capture the characteristics of wave scattering and on the other hand,  to 
demonstrate the capability of the adopted LDQ method. An interesting phenomenon 
which is called “dynamic compatibility” is numerically shown as an indirect positive 
proof of the used method. 
3. To get a further understanding of the properties of wave scattering in fluid-
infiltrated porous materials, wave propagations in 2-D and 2-D holed poroelastic media 
are studied. Unlike the 1-D problems, in 2-D investigations it is very hard to obtain the 
analytical solutions for specified problems due to the complexity of the governing 
equations. So in the present thesis, comparative and qualitative analyses are conducted 
by investigating wave scattering over different holes, for example one square hole, one 
circular hole and two square holes. Several features of wave propagation such as wave 
spreading, reflection at boundaries (holes) and wave interaction after reflection are fully 
presented. A linear interpolation method is utilized to facilitate the numerical simulation. 
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5.2 Recommendations for further research 
     The study of wave propagation fluid-saturated poroelastic media is of fundamental 
importance to many branches of physical science and engineering such as geomechanics, 
geophysics, biomechanics, seismology, foundation engineering, oil exploration and so 
on. 1-D and 2-D wave propagation problems are studied in this thesis. The findings and 
numerical solutions in this thesis are very useful in analyses of complicated wave 
propagation problems encountered in seismology, earthquake engineering, the dynamic 
soil-structure interactions, etc. However, due to the complexity of the governing 
equations of wave propagation and the uncertainty of material properties, geometry and 
boundary conditions, much work is required to develop the investigations. Some 
suggestions on further research are given below: 
1. It is assumed the dissipation is absent in the governing equations. In further work, 
the influence of dissipation which depends on the relative motion between the solid and 
fluid will be considered. 
2. The two-dimensional wave propagation problems are solved with the LDQ 
method. However, these results haven’t been validated. For the future work, it may be 
necessary to compare the results with those solved by other established methods such as 
Finite Element Method (FEM). 
3. Further research should be also done for the analyses of two-dimensional 
poroelastic media with random-shaped holes and with domains of arbitrary shapes under 
different loadings and support conditions.  
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4. The LDQ method can be generalized to three-dimensional wave propagation 
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